PACS 75.25.Dk -Orbital, charge, and other orders, including coupling of these orders PACS 75.10.Lp -Band and itinerant models PACS 75.47.Lx -Magnetic oxides Abstract -Two-dimensional orbital compass model is studied as an interacting itinerant electron model. A Hubbard-type tight-binding model, from which the orbital compass model is derived in the strong coupling limit, is identified. This model is analyzed by the random-phase approximation (RPA) and the self-consistent RPA methods from the weak coupling. Anisotropy for the orbital fluctuation in the momentum space is qualitatively changed by the on-site Coulomb interaction. This result is explained by the fact that the dominant fluctuation is changed from the intra-band nesting to the inter-band one by increasing the interaction.
Introduction. -Orbital degree of freedom is one of the central and not yet solved issues in correlated electron systems [1, 2] . This degree of freedom is recognized as a key to elucidate several exotic phenomena in solid state physics such as colossal magneto-resistance effect [3] , ironbased high-T c superconductivity [4] , and so on. Essence of the orbital is a directional nature; electron motions, and electron-electron interactions depend on directions in a crystal lattice [5] . This characteristic brings about several non-trivial results such as a macroscopic number of degeneracy in the orbital configurations, the dimensional reduction in the effective interaction and others [6] [7] [8] .
One of the well studied orbital models is the KugelKhomskii model [9] , which describes the interaction between the localized ions with spin and orbital degrees of freedom in the nearest neighbor (NN) sites. The interactions on each NN bond are represented by products of the Heisenberg-type spin part and the orbital part, which is described by the pseudo-spin (PS) operators, T i . In the latter, the orbital interactions explicitly depend on directions of the bonds in a crystal lattice. This model is obtained from the Hubbard-type itinerant electron model with orbital degenracy in the strong coupling limit. It is recognized that the magnetic and elastic properties in several transition-metal compounds, e.g KCuF 3 and LaMnO 3 , are well reproduced by this model Hamiltonian.
Another well known and simple orbital model is the orbital compass model, where the orbital degree of freedom is only taken into account, instead of the spin-orbital entanglement in the Kugel-Khomskii model. In this Hamiltonian, the component of the PS operator concerned in an interaction explicitly depends on the direction of a bond, e.g., only the x component T x i for the interaction along the x direction. In particular, the compass model in the twodimensional square lattice has been studied so far intensively and extensively from the view points of the orbital order in a Mott insulator [10] as well as qubits in the quantum computer [11] , and the topological order [12] . Some new concepts, such as the directional order [13] , a nontrivial dilution effect [14] , and the generalized Elitzur's theorem [15] , have been proposed through the theoretical examinations.
In this Letter, we study the two-dimensional orbital compass model from the view point of the interacting itinerant electron system. We identify the Hubbard-type model from which the orbital compass model is derived in the strong coupling limit. The model Hamiltonian is analyzed by the random-phase approximation (RPA) method and the self-consistent (SC) RPA method. It is found that anisotropy in the orbital fluctuation strongly depends on the on-site Coulomb interaction. The results are interpreted by the intra-band and inter-band nestings. Relations between the present results and those in the original compass model are discussed.
Model. -We start from the orbital compass model on a square lattice in the x-z plane defined by
We consider the so-called half-filled case where a number of fermions is equal to that of the lattice sites. The transfer integrals introduced above give the following energy bands in the momentum space,
with
We take a lattice constant as a unit of length. It is worth to note that these band-dispersions are generalized as where σ(θ) = σ z cos θ + σ x sin θ with a real number θ. It is obvious that the bands with θ = π/2 are reduced to those in the compass model. The parameter values θ = 2π/3 and π correspond to the models where the doubly degenerate (3z 2 − r 2 /x 2 − y 2 ) orbitals and the (yz/xy) ones are introduced at each site in a square lattice, respectively [16, 17] . By diagonalizing the matrix, we obtain the two bands
where E ± k = −t(cos k x + cos k z ) ± t √ cos 2 k x + cos 2 k z are the band energies and d kη is an operator derived from c kγ by the unitary transformation. These band dispersions are shown in fig. 1 (a). The two bands touch with each other at the four points of k = (±π/2, ±π/2) and (±π/2, ∓π/2). There is the particle-hole symmetry in the half-filled case. As shown in fig. 1(b) , the system is a semi-metal, and both the electron-and hole-Fermi surfaces are squares. The square-Fermi surfaces are maintained in the bands with an arbitrary value of θ in eq. (9) . Perfect nestings occur at q = (π, 0), (0, π) and (π, π).
Method. -The model Hamiltonian in eq. (2) with eqs. (3) and (4) is analyzed by using RPA and SC-RPA. We introduce the one-particle Green's functions defined by
where ε n = (2n + 1)πT is the Matsubara frequency, τ is the imaginary time and β is the inverse temperature. The Green's functions at U = 0, termed G 0 (k, iε n ), are given as with coefficients
and
We also introduce the orbital susceptibility defined as
with δn
From now on, for simplicity, we use the abbreviation for the suffix as α = (γ, γ ′ ) which takes ↑= (a, a), ↓= (b, b), + = (a, b) and − = (b, a). Furthermore, we define the (zz) component of the susceptibility as
In RPA, the susceptibility is given bŷ
andχ 0 is the 4 × 4 matrix of χ 0 αβ (q, iω n ) which is the bare susceptibility at U = 0. In order to consider the band-modification effects, beyond RPA, the susceptibility is calculated by the SC-RPA method, where the one-particle Green's functions and the susceptibilities are calculated self-consistently. The susceptibility is given by the same form with eq. (19) wherê χ 0 is replaced byχ 0 defined bȳ
(21)
The one-particle Green's functions are obtained by the
where the self-energy is given by
as shown in fig. 2(a) . Here we define the effective interactionV (q) byV
Schematic diagrams are shown in fig. 2(b) . The last term in eq. (23) is required to avoid the double counting of the diagrams. We note that, because of the on-site interaction, V does not depend on both the momenta k and k ′ .
Result. -First we show the results in RPA. The orbital ordering temperature, T RPA c , is identified as a temperature where the susceptibility diverges due to the condition of
p-3
The obtained ordering temperature monotonically increases with U . The momentum q, in which the susceptibility diverges at the highest temperature, is (π, π)(≡ Q) for all values of U . To examine the fluctuation just above T RPA c , the contour maps of the (zz) components of the susceptibilities χ RPA zz (q, iω n = 0) for several U 's are presented in fig. 3 . The temperature is chosen to be T /t = T RPA c /t + 0.01 for each value of U . In the case of small U , χ RPA zz shows large intensity along (π, q z ). On the other side, in U = 5, a large fluctuation emerges along (q x , π). In between, a spot is seen around (π, π). That is, the anisotropy in χ RPA zz is changed with the Coulomb interaction. In the RPA scheme, the susceptibility is explicitly given in eq. (19) whereχ 0 is independent of U . Therefore, the observed characteristic anisotropy in χ RPA zz is reflected from the q dependence ofχ 0 around T RPA c , which depends on U . In order to understand the origin of the above results, we focus on the bare susceptibility χ 0 zz (q, iω n = 0) at the two representative momenta q = (π, 0) and (0, π). In the equation for χ (25) where the coefficient C
′ B k+q B k and a symbolη = ± for η = ∓. At the momenta q = (π, 0) and (0, π), this coefficient does not depend on k, and satisfies the relations
By using the above relations, we have the equations
where we introduce the Lindhard function h (26) and (27). With increasing the ordering temperature by increasing U , reduction of the intra-band contribution is more remarkable than that of the inter-band one, and the the susceptibility at (0, π) becomes larger than that at (π, 0). We conclude that the fig. 3 , temperature is fixed at T = 0.1t. In the numerical calculations, a number of meshes in the first Brillouin zone is chosen to be 128×128, and that for the imaginary time between 0 and β is chosen to be 1024. To calculate the excitation spectra, the analytic continuation is adopted as iε n → ε + iδ with a small constant δ = 0.01t. At T = 0.1t, the numerical iterative calculations are converged in the region of 0 ≤ U ≤ 3.25. This implies that, at U = 3.25, the orbital ordering temperature is less than T = 0.1t which is lower than that in RPA. It is shown in fig. 6 that the U dependences of the anisotropy in χ SC−RPA zz are similar with the results in RPA (see fig. 3 ); with increasing U , large fluctuations along (π, q z ) is changed into the ones along (q x , π).
The results are interpreted by the one-particle excitation spectrum. This is defined by
The result of the one-particle spectrum at U/t = 2.0 is presented in fig. 7(b) , as well as the density of state (DOS) in fig. 7(a) . It is seen in the inset that the band curvature is strongly reduced from that at U = 0. The mass enhancement is examined from the renormalization factor at the Fermi surface defined by
where values in the two bands are averaged. We show in fig. 8 the U dependence of z k at k = (π/2, π/2). The factor z k monotonically decreases with U . The results imply that the effective temperature for the low energy fluctuation is enhanced with increasing of U as a result of reduction in the energy scale at vicinity of the Fermi level. Therefore, the interpretations for the RPA results 
